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Pseudopotentials for orbital-free DFT:
Capturing nonlocality and correcting functional approximants
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Developing reliable pseudopotentials for orbital-free density functional theory (OF-DFT), especially for
transition metals, remains a significant challenge. In this study, we provide a theoretical framework for analyzing
pseudization strategies for OF-DFT calculations. From the analysis arises a proposed pseudization method which
involves constructing local pseudopotentials by targeting existing Kohn-Sham DFT pseudopotentials through an
optimized effective potential procedure. We produce four distinct sets of local pseudopotentials and evaluate
their accuracy and transferability on the set of transition metal elements. Our results indicate a substantial
improvement over previously available pseudopotentials. Although current OF-DFT functionals still only reach
a qualitative accuracy for transition metals, our newly developed pseudopotentials provide a rigorous framework

for further methodological advancements.
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I. INTRODUCTION AND BACKGROUND

Among all approaches to model materials at the atomic
level, density functional theory as formulated by Kohn and
Sham [1] (KS-DFT) stands out for its impact. Its most
widely used implementations have so far been cited over
200000 times [2]. The reason for such a success is that KS-
DFT, in conjunction with functional approximations, offers a
good compromise between accuracy and computational cost.
However, independently from the choice of the underlying
approximations, it becomes too computationally expensive
when large, realistically sized systems (e.g., quantum dots,
proteins, and complex materials interfaces) are targeted. The
reason for this is the unavoidable costs of building and
diagonalizing the KS Hamiltonian matrix. In particular, diago-
nalizations carry a cost of O(N?) number of operations, where
N is measure of system size. There are many approaches that
tackle KS-DFT’s steep computational scaling [3—6]. Among
them, a promising alternative is orbital-free DFT (OF-DFT)
[7.8].

OF-DFT is based on the same theoretical footing as KS-
DFT [1]. In particular, it borrows KS-DFT’s expression for the
total electronic energy given as a functional of the electronic
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density:
E[n] = Ti[n] + Enln] + Exc[n] + / Vex(Mn(r)dr, (1)

where T[n], Ey[n], Ex.[n], and ve(r) are the noninteract-
ing kinetic energy, the Hartree (H) and exchange-correlation
(xc) energy, and the interaction with the external potential
(typically the Coulomb electron-nuclear attraction potential),
respectively. The noninteracting kinetic energy is given in
terms of KS orbitals (single-particle wave functions, hence the

[Tt}

s” subscript) as follows:
1
Tinl = Tligilnl] = —5 Xijn,-<¢>,»|v2|¢,»>, )

where n; are occupation numbers. The electron density is
simply

n(r) =Y nmilgi(r)l*. 3)

The Hartree functional is defined as the electronic Coulomb
self-repulsion E[n] = % f "(li)_”r(rl)d rdr’ and the xc functional
Exc[n] is the energy term that is added to Ti[n], Ex[n], and
f Vext (r)n(r)dr to recover the total electronic energy.
Following from Eq. (3), we can use the KS orbitals as
variational functions to minimize the total energy, leading to

the canonical KS equations

— 3 V2¢i(r) + vy (0)i(r) = eigpi(r), “
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where vs(r) = vy[n](r) + vxc[n](r) + vext(r) defining the H

%;I}gd xc potentials as functional derivatives, e.g., vx[n](r) =
sn(r) "

(I)n OF-DFT, the noninteracting kinetic energy 7; is eval-
uated approximately by a pure density functional, which we
call henceforth the kinetic energy density functional or KEDF.
Using KEDFs allows the energy minimization of the func-
tional in Eq. (1) to be based solely on the electron density,
completely bypassing the KS orbitals, and generally lead-
ing to algorithms of linear scaling complexity [7]. The low
computational scaling resulting from the employment of ap-
proximate KEDFs comes at an accuracy cost. In fact OF-DFT
development almost exclusively focuses on development of
KEDFs which are typically either semilocal [9-11] or non-
local [12-14]. Although in this work we do not focus on
KEDF development, we acknowledge that the accuracy of any
result presented is heavily biased by the quality of the KEDF
employed.

One thorn on the side of OF-DFT has persisted, namely,
the handling of the electron-ion interaction. While this seems
anonissue [the ve(r) is conceptually trivial], when approach-
ing condensed phases the pseudopotential (PP) approximation
is usually invoked [15-21]. Natural basis functions used to
expand the KS orbitals for materials are plane waves xx(r) =

\/Lﬁeik'r, where k denotes a wave vector in the reciprocal

lattice, and €2 is the real-space volume of the primitive cell
such that the plane waves are orthonormal over €2. To maintain
areasonable number of plane waves, a cutoff is imposed |k| <
kmax- Thus, PPs achieve two objectives: (1) at the expense of
introducing nonlocality in the pseudopotential, they remove
the need to explicitly consider core electrons as these are, in
most applications, chemically inert; and (2) they eliminate the
singularity of the Coulomb electron-nuclear potential at the
nuclear positions [22,23].

Unfortunately, accurate and transferable nonlocal PPs
(NLPPs), commonly used in KS-DFT, are not applicable to
OF-DFT because they require KS orbitals to couple to the
nonlocal part of the PP. In OF-DFT, as we have seen, orbitals
are not immediately available.

Although we refer to recent reviews for additional details
[7,8], in the past decades several attempts have produced
effective local PPs (LPPs, hereafter) that have opened OF-
DFT’s applicability to main group metal elements, groups
III-V elements third row and below, and a selected number
of transition metal elements (such as Ag) [17,20,24-26].

The guiding principles to build LPPs have been to employ
them in a KS-DFT calculation (i.e., with exact 7;) imposing
it to reproduce the electron density, lattice constant, and even
the band structure of solids [20,24,25]. For those elements for
which this is possible, it is said LPPs can be employed in OF-
DFT calculations. It is certainly surprising that band structures
can be reproduced in pseudopotential calculations having only
a local part. However, in many cases it was shown to be possi-
ble [27]. It turns out that LPPs can be successfully constructed
for the main-group elements mentioned above (provided that
the semicore states are excluded from the pseudization [19])
and also for a large array of transition metals (where instead
semicore electrons are included).

The most accurate LPPs available to date for transition
metal elements are the recently developed highly accurate
LPPs by the Huang group [19]. The valence density of tran-
sition metals consists of contributions from both localized
d states and delocalized s-p states. Existing KEDFs, which
are largely based on the response of a homogeneous or
nearly homogeneous electron gas, therefore struggle to de-
scribe these elements accurately [28]. In addition, accurate
pseudizations of transition metals should account for semicore
states that lie close in energy to the valence d bands and
influence bonding and screening. Since OF-DFT represents
T;[n] as a pure functional of the electron density, it lacks
explicit angular-momentum dependence [21] and therefore
cannot distinguish d-state character from s or p contributions.
These combined factors explain why transition metals are a
particularly demanding class of atoms for OF-DFT and mo-
tivate the construction of pseudopotentials that mitigate these
limitations.

An inconsistency has persisted. That is, the LPPs have so
far been developed based on comparison between KS-DFT
calculations with LPPs and KS-DFT calculations with NLPPs.
This modus operandi does not account for the important dif-
ferences between approximate KEDFs typically employed in
OF-DFT simulations and the exact Ti[n] employed in KS-
DFT. In this work we aim at addressing this inconsistency.

In fact, early on it was recognized that LPPs should be
constructed specifically for approximate OF-DFT functionals
so that they could not only provide a much needed smooth
electron-ion interaction potential, but they could also provide
partially a correction to the approximate KEDF potential [16].
These LPPs were soon abandoned [25] because the resulting
LPPs had features that would induce numerical instability,
would not lead to proper Coulomb decay of the LPP, and, most
importantly, were found to yield mixed results for condensed
phases. So it seems we are at an impasse, on one hand employ-
ing KS-DFT to build LPPs is likely to generate LPPs that are
of little use in practical OF-DFT simulations where approxi-
mate KEDFs are used. On the other hand, building LPPs based
on approximate KEDFs is associated with unmanageable side
effects.

We also mention a notable recent approach, which involves
evaluating directly the nonlocal part of the NLPP with orbital-
free one-body reduced density matrices [29]. While the idea
is promising, the resulting pseudopotentials are only accurate
for a limited set of atoms, pointing to the fact that orbital-
free formulations of reduced density matrices are often not
N-representable [30].

Considering the pros and cons of the various LPP design
principles, in this work we aim to produce a library of LPPs
for transition metal elements that can be used in conjunc-
tion with approximate KEDFs. The design principles adopted
in this work arise from a careful formal analysis of atomic
pseudization (carried out in the following section) that can
be summarized with three points: (1) LPPs should target an
existing set of NLPPs, (2) LPPs should differ from the NLPP’s
local part by a correction that is spherical and short ranged,
and finally (3) LPPs should be constructed in conjunction with
approximate KEDFs.
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II. AN IN-DEPTH LOOK AT PSEUDOPOTENTIALS
AND PSEUDODENSITIES

In the PP approximation, the core electrons of each atom
are represented by an effective nonlocal potential and the
KS equations are only invoked for the valence electrons. The
external potential becomes

Vext(F) = UNLPP(T, I') = Vloc(1)8(r — 1) + vn(r, 1)

= Vyoe(T) + D, &)

where we have indicated with a hat the nonlocal part of the
NLPP.

NLPPs give rise to an electronic pseudodensity n(r) that
only reflects the density of the valence electrons outside the
core radii of the atoms and is smooth inside. Such radii (NLPP
cutoff radii, or R" ) are parameters of the NLPPs and their
value is determined by convenience. Small R%, will yield
more accurate NLPPs but at the expense of needing to repre-
sent the more oscillatory components of the valence electrons.

The physical meaning of the nonlocal part of the NLPP
is to maintain orthogonality between the valence and core
orbitals. In KS-DFT, ¥y, is usually given in terms of a lim-
ited number of spherical harmonic projectors centered on the
atoms.

A. Nonlocal pseudopotential representations

Once a particular NLPP is introduced, the solution of the
KS equations yields a pseudodensity n(r). That same pseudo-
density can be represented by many other NLPPs (hereafter
indicated by vnrpp). The usual Hohenberg-Kohn map con-
necting external potentials with densities applies. However,
this time we connect external, possibly nonlocal pseupoten-
tials with a target pseudodensity

ﬁNLpp — n(r) (6)

Hohenberg and Kohn theorems for nonlocal external po-
tentials due to Gilbert [31] apply and guarantee the existence
of the above map, even though it is generally not bijective.
The nonbijectivity is due to the fact that for a given choice of
Dy one can always find an associated vio.(r) such that the KS
equations yield the target density n(r). Therefore, there are
multiple (potentially an infinite number) of Onppp that have
nonzero nonlocal part and that yield the same electron density
n(r). We call the set of such NLPPs a NLPP representation.
However, typically there is only one NLPP having the prop-
erty that beyond R™ not only the pseudodensity matches the
all-electron density, but also the pseudo KS wave functions
match the all-electron KS wave function for the isolated atom
[32].

The Hohenberg and Kohn theorems guarantee that if n(r)
is noninteracting v, representable, then there is one and only
one purely local PP [hereafter denoted by vy pp(r)] that, em-
ployed as external potential in the KS equations, yields the
pseudodensity n(r). Namely, the bijective map

vrpp(r) <— n(r) @)

exists. We depict the concept of NLPP representation and the
maps in Eqgs. (6) and (7) in Fig. 1.

77/(1‘) — ULpp(I‘)

FIG. 1. Depiction of the maps in Egs. (6) and (7) and the concept
of NLPP representation (set of nonlocal PPs on the left-hand side)
mapping to a target pseudodensity n(r). The bijectivity of the map
connecting the pseudodensity with the associated local KS potential
vLpp(r) is indicated by a left-right arrow.

The relation between the local PP, vy pp(r), and any of the
NLPPs, 94, pp, can be derived on the basis of the optimized
effective potential method (OEP) [33,34], as we now explain.

B. Relating local and nonlocal pseudopotentials

We now seek to find the local PP, vy pp(r), that yields the
target pseudodensity n(r). We first define the relevant energy
functionals, one for a NLPP and one for a LPP:

Eqgy[n] = T, [n] + E [n] + Enxeln] + / Ve (O)n(r)dr,
®)
Eln) = Tinl + Buclnl + [ we@n(odr,— ©)
where we have indicated with a superscript the quantities that
are dependent on the choice of the purely nonlocal part of the

NLPP, and we define the noninteracting kinetic energy in the
NLPP case as

D, 1 PRYBON
Ts nl[n] — _5 Zni l(d)i 1

Vo) a0

Dot

and the nonlocal energy E\j [n],
Exi =m0 |oml@) = Te[owp], (D)

where y ! is the KS density matrix of the NLPP KS system.

Crucially, we must require that E; [n] = E[n], which de-

livers an important relation,
1) + E§ i+ [ ol omdr
= Ttnl+ [ wee@n(oydr, (12)
which can be rearranged to
T + B = T+ [ Awpeon(edr. (13

In the above, we defined Avppp(r) = v pp(r) — vﬁ;‘é(r), as the
potential that achieves a KS inversion [34-36] of the NLPP
KS system onto a LPP KS system.
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Taking a functional derivative yields a crucial result

ST 6T, SE
A = NL 14
vep(0) = S T o) aner) (14

The above functional derivatives involve orbital-dependent
functionals and thus can only be approached with OEP meth-
ods [33]. In the Supplemental Material [37], we shqw how to
apply OEP in this setting and we also show that ifN:Ll decays
faster than the Coulomb interaction, specifically like a dipole

field outside R™,.

.. SED . ST 8T
In addition to (e} let us also consider the on) — any @

term which is more challenging in nature. This is because the
NLPP and LPP KS orbitals are generally different and would
not yield the same kinetic energy unless the wave functions
coincide beyond a radial cutoff [38]. We note that PPs are de-
rived to maintain the Coulomb tail behavior beyond a certain
cutoff radius, which we shall indicate by RSS". Equation (14)
shows us that the local parts of the NLPP should be equal to
the LPP beyond the larger of the RSS"! among NLPP and LPP,
ensuring that Avppp(r) = 0 beyond this cutoff radius.

Unfortunately, there is generally no guarantee that Rcclf’t“'
for the LPP KS system will be small. However, early work
[27], pioneering work by Mi et al. [20], as well as more
recent studies from the Huang group [19], demonstrate that
for several transition metals, R$3" can be made as small as
typical cutoff radii used in standard pseudopotentials.

Thus, we should expect to be able to construct LPPs for a
significant set of transition metal elements. This is a quest we

tackle head on in the next sections.

III. SIMULTANEOUSLY APPROXIMATING A v pp(r)
AND THE OF-DFT OEP PROBLEM

We now change gears as we consider approximate KEDFs,
indicated by T;, typically employed in OF-DFT simulations.
All expressions derived thus far apply only to systems where
an exact T functional is used. Taking Avppp(r) from Eq. (14)
from the previous section, we can now reformulate it to also
correct for approximate KEDFs as follows:

‘STsﬁ"] 57"}
sn(r)  dn(r)

SEX
sn(r)’

Avppp(r) = (15)

This definition clearly shows two goals for Avppp(r): (1)
it includes the effect of the nonlocal part of the KS-DFT PP;
(2) it corrects for the fact that KEDFs are approximate, mak-
ing sure that the density (or the pseudodensity) of the OF-DFT
system matches the one of the KS-DFT system. Thus, the
result of approximating Avypp(r) is to simultaneously achieve
the two goals.

To approximate it, we first impose it to be spherically
symmetric around each ion, i.e., Avppp(r) = Avppp(r), with
r = |r — Ry| for r in the vicinity of ion I, where R; is the po-
sition of the /th ion. Then, we impose the following boundary
conditions that ensure smoothness and short rangedness, with
Feut being a user-defined cutoff radius:

Avipp(r) =0  if r = rey,
{Mvﬁfp’}n 0 (16)

' ifr=ryand r =0.

We choose a polynomial ansatz

Avipp(r) = ag + a1d(r) + axd (r)* + a3d(r)?
+ asd(r)* + asd(r)’, (17)

where d(r) = r — roy. After applying the conditions above,
we find ap and a; to vanish, and ay = 3asrey — 4asr’, +
Sas rgut. The remaining three parameters (a3, a4, and as) are
optimized minimizing the following cost function (exposing

the dependence of the densities on the pseudopotentials):

1
An = z/ |VlOF[ULPP](r) — nKS[f)NLPP](rNdl’, (18)

where

nogr(r) = arg mnin {Tv[n] + Epxc[n] + / ULPP(I')H(I')dI'}
(19)

and nks(r) is the KS-DFT pseudodensity arising from a par-
ticular choice of nonlocal PP. The minimization effectively,
yet approximately, implements OEP because the loss function
is minimum when the OF-DFT density is close to the KS-DFT
pseudodensity. Important aspects to note are that Avppp(r) is
(1) short ranged around each ion, as it is only nonzero for
0 < |r — Ry| < reus (2) of spherical symmetry around each
ion. Thus, the resulting LPP, given by vﬁ;‘é(r) + Avppp(r),
maintains the correct Coulomb decay in agreement with the
target NLPP.

The next task is to choose an appropriate valence config-
uration for a pseudoatom. This is a complex task and has
been addressed extensively in the pseudopotential literature.
In this work, we simply adopt the valence configuration and
the number of valence electrons from the corresponding target
KS-DFT pseudopotential. As shown in Table S1 [37], for
some elements the number of valence pseudoelectrons (zval)
differs between the two types of pseudopotentials considered.
This difference arises from variations in zval among the cor-
responding KS-DFT pseudopotentials. We also note that there
is freedom in choosing the cutoff radii (7). We use the value
of the largest of the R, of the target NLPP (see Supplemental
Material Table S1 [37]. We will see in the results section that
this choice might not be the most optimal given the restrictive,
polynomial ansatz for Avppp(r). We acknowledge that the
choice of cutoff radius will deserve further consideration in
future works.

Regarding the choice of polynomial ansatz for Avgpp(r),
after testing, we found that a fifth order provides a good
balance between accuracy of the LPPs and computational cost
of the LPP optimizer. Reducing the order of the polynomial
would result in significantly lower quality LPPs, and increas-
ing the order would result is significant computational cost
and convergence complexity for the optimizer.

Finally, we note that the proposed pseudization results in
a overall smooth PP. The short-ranged polynomial is neces-
sarily smooth because the high-order terms (beyond fifth) are
not included. The Coulomb tail is recovered from the LPP
of the target NLPP. Thus, the new LPPs are designed to be
numerically well behaved.
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IV. COMPUTATIONAL DETAILS

The KS-DFT calculations were performed using the
Python package qepy [39], which is interfaced with quantum
espresso (QE) [40]. All simulations employed a Monkhorst-
Pack grid [41] of 11 x 11 x 11 k points and a plane-wave
cutoff energy of 680 eV for the wave functions (four times
as much for the electron pseudodensity). We chose two non-
local, ultrasoft PPs, namely, GBRV [22] and PSL [42] due
to their ability to retain accuracy across the periodic table
while maintaining a workable plane-wave cutoff. The KS-
DFT calculations were run with these PPs while the OF-DFT
calculations were run with either only the local part of the PPs
or with the additional Avpp(r) correction discussed before.

The OF-DFT calculations were carried out using the dftpy
Python package [43] with a plane-wave cutoff energy of
1600 eV. To compare to existing LPPs for OF-DFT simula-
tions, we employed the high-quality local pseudopotentials
(HQLPP) of recent conception [19].

All calculations employed the local density approxima-
tion (LDA) xc functional proposed by Perdew and Zunger
[44]. Therefore, target results in this work are given by
pseudopotential KS-DFT simulations employing the LDA xc
functional. We also tested our pseudization procedure using
Perdew-Burke-Ernzerhof (PBE) [2] for Ag recovering a sim-
ilarly accurate pseudization as LDA (see Results section).
To test the effects that different xc functionals may have on
the pseudization procedure, we included Tables S10-S12 [37]
collecting equation of state (EOS) parameters for Ag using
PBE. Testing other xc functionals will be matter of future
work.

Unless otherwise stated, bulk calculations are carried out
on the primitive cell of the most stable phase, the equation of
state (EOS) curves were generated by varying the lattice
parameter from 0.9V; to 1.2Vp, where V; is the equilibrium
volume. From these curves, the minimum energy (Ep) and
bulk modulus (Bj) were obtained by fitting the energy versus
volume data to Murnaghan’s equation of state [45]. We further
assess the transferability of the new pseudopotentials using
a nonlocal KEDF, revHC [46], which is based on the HC
functional [12], for the EOS parameters.

Phonon spectra calculations were performed using exper-
imental lattice constants and different methods for KS-DFT
and OF-DFT. For KS-DFT, the phonon calculations were
conducted in QE using density functional perturbation theory
[47,48]. For OF-DFT, the dftpy package was used as a calcu-
lator within the atomic simulation environment (ASE) Python
package to compute phonons via finite differences, employing
5 x 5 x 5 supercells. Due to the low computational cost of
OF-DFT simulations with dftpy [49], the OF-DFT phonon
calculations did not add a significant overhead.

Isolated atom calculations were performed by placing one
atom in a cubic cell with a side length of 15 A.

V. RESULTS AND DISCUSSION

The new set of pseudopotentials generated by the proce-
dure in Sec. III are termed PGBRV1.0, PPSL1.0, PGBRVO0.2,
and PPSLO.2 where the prepending “P” represents the
pseudization for OF-DFT, PSL and GBRYV represent the ref-

erence KS NLPP used, and the digits represent the kind of
KEDF used to build Av;pp. We employed the Thomas-Fermi
(TF) plus von Weizsicker (vW) functional with 100% vW
(1.0) or 20% vW (0.2).

In the following sections, we analyze the performance of
the new set of pseudopotentials for transition metal elements.
We first analyze the electron density of periodic systems and
assess the ability of the new LPPs to reproduce the KS-DFT
reference density of the most stable phase of transition metals.
We also show that the new LPPs are applicable to several
crystal phases not only the ones used for the PP development.
We then move to analyze the electron density of isolated
atoms to infer on the applicability of the PPs in combination
with approximate KEDFs. For selected elements, we also test
phonon spectra and an analysis of the electron density for
cluster systems.

A. Generation of the new LPPs

The LPPs are generated according to Eqgs. (16)—(19) for
all transition metals. Inspired by bulk local pseudopotentials
(BLPs) [25], we pseudized atoms in the condensed phase,
choosing the most stable phases for each of the elements
employing the experimental lattice constants.

The success of the pseudization is given by how well the
density difference betweeen the target KS-DFT, ngs[OnLpp],
and the OF-DFT, ngg[vLpp], pseudodensities in Eq. (18) can
be minimized as a function of the parameters [a to e in
Eq. (17)] defining the LPP correction Avgpp(r). We choose
the percentage density deviation A, as a measure of success,

An
A, =100 x , (20)
N,

v

where N, is the number of valence electrons. We note that
An < N,, thus A, < 100. In Supplemental Material Fig. S1
[37] we show the spatial distribution of the electron density
difference between the OF and KS, using a representative cut
plane and line cut for the most stable phases for Ag, Cu, and
Pd. The figure validates the convergence criteria in Eq. (20).

Figure 2 provides a visual showing three sets: the colors
green, red, and blue; green highlights elements where the
new pseudopotentials have A, lower than 5%, red elements
have A, between 5% and 8%, and blue elements have A,
greater than 8%. The figure clearly shows that PGBRV LPPs
generally yield pseudodensities closer to the KS reference
compared to the other LPPs. We note that the pseudization
dramatically improves upon the densities determined using
directly the local part of the NLPP (i.e., v;") which show an
erratic behavior with often very inadequate A, values. This is
an important result as using the local part of the NLPP is a
common practice in OF-DFT whenever accurate LPPs are not
available [50].

We observed that for those elements where the local part
of the NLPP already provides pseudodensities ~15% devi-
ated from the KS-DFT reference, minimization of Eq. (18) is
challenging. We observed this to be the case for Nb, Mo, and
Hg for PGBRVO0.2, and Zr, Nb, Y, and Mo for PGBRV1.0.

When comparing PGBRV0.2 (PGBRV1.0) with PPSL0.2
(PPSL1.0), we observe that elements pseudized well by one
are often less effectively pseudized by the other. Our analysis
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A A -4 PSL
> 404 FAR FEE
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Tc Y Re Ni Zn Hf RhCoMoTaMn Ti W OsRuCd Cr Sc V Fe Zr Au Pt NbCu Ir PAHgAg
()
60 - —e— PGBRV1.0
- GBRV
> 40 1
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0
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60 - A —&— PPSL1.0
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Hf 'Ilc R'e CloIVI'nRIh 'I"i R‘u ds T‘a W h/ioér Slc Fle V C'dZ‘nA'u Y Plt N‘b er I‘r ng P'dAlg Ni Clu

FIG. 2. Percent density deviation, A,, for the atoms in the most stable phase of all transition metals. Green regions are elements with
A, < 5%;red 5 < A, < 8%, and blue A, > 8%. The four panels are each devoted to one set of pseudopotentials (PGBRVO0.2, PGBRV 1.0,

PPSL0.2, PPSLI1.0, see text for more details).

suggests this behavior stems from differences in the cutoff
radii of the two NLPPs, which directly affect the domain of
the polynomial defined in Eq. (17). Specifically, as illustrated
in Supplemental Material Table S1 and the EOS results in
Tables S2-S5 [37], when the GBRV R, is larger than that
of PSL (e.g., for Nb), PPSL0.2 [recalling our choice rqy =
max (Rglln) in Eq. (17)] results in smaller density deviations
compared to PGBRVO0.2. Conversely, for elements such as
Ni, Re, Zn, Ta, and W, the smaller GBRV R yields more
accurate pseudization with PGBRVO0.2 than with PPSLO0.2.
Similarly, PGBRV1.0 pseudopotentials outperform PPSL1.0
for Re and W, while PPSL1.0 provides better results for Zr.
These observations underscore the significance of r in defin-
ing LPPs, suggesting that the optimal choice of cutoff radius
should be element specific and optimized.

In sum, PGBRV0.2 and PGBRV 1.0 LPPs provide a better
pseudization than PPSL0.2 and PPSL1.0. Elements success-
fully pseudized by PGBRV0.2 and PGBRV1.0 are Co, Cu,
Zn, Os, Ni, Ag, Au, Re, W, Hg, Ru, and Tc, while for Pd,
Cd, V, Mn, and Pt the pseudization is moderately successful.
Nb and Sc are consistently difficult elements for both TFvW
and TF0.2vW functionals and NLPPs.

To understand (and predict) the quality of the pseudization,
we consider the density displacement presented just now but
we order the data by element group and split the data for

the three transition metal periods. We also change slightly the
plotted indicator to the density deviation relative to the num-
ber of d electrons (rather than valence electrons, see Fig. 3),
which we define as follows:
Ag = 100 x 22 21

4= X N, 2D
where An is defined in Eq. (18), and N; is the number
of valence d electrons. A; normalizes An differently from
Eq. (20). Specifically, N, includes semicore electrons while
N, only includes valence d electrons. Some elements may
be pseudized differently by the GBRV and PSL NLPPs. For
example Ag with GBRV has 4s and 4p semicore electrons
(total of 8) while PSL includes no semicore electrons in the
pseudodensity of this element.

A general trend arises from Fig. 3: A, varies monotoni-
cally along the transition metal rows. That is, for late transition
metals (e.g., Cu, Zn, Ag, Cd, Au, and Hg) both types of LPPs
converge to similar, low A, values indicating good pseudiza-
tion. In contrast, early transition metals (e.g., Sc, Ti, and Y)
exhibit larger displacements for both LPPs. We interpret this
behavior noticing that KEDFs are known to perform better as
the number of electrons increases, consistent with the exact-
ness of the Thomas-Fermi functional in the limit of an infinite
electron system [10].

125124-6



PSEUDOPOTENTIALS FOR ORBITAL-FREE DFT: ...

PHYSICAL REVIEW B 113, 125124 (2026)

i —8— PGBRVO0.2 | 200 - —*—_PGBRV1.0
106 —&— PPSLO.2 | | 107 —4— PPSL1.0
100 1
50 1 ! 50 A i
O- T i T T T T T T T T O- T i T T T T T 1 T T
Sc Ti V Cr Mn Fe Co Ni Cu Zn Sc Ti V Cr Mn Fe Co Ni Cu 2Zn
200 A
150 1
150 A
Rei 1 i
<] 100 00
50 - 0
0- T T T T T T T L T O_ T T T T E T T T T T
Y Zr Nb Mo Tc Ru Rh Pd Ag Cd Y Zr Nb Mo Tc¢ Ru Rh Pd Ag Cd
80 A
60 A 100 1
40 A
50 A
20 A
0_ T i : i T T T T T O— ; :
Hf T W Re Os Ir Pt Au Hg Hf Ta W Re Os Ir Pt Au Hg

FIG. 3. Percent density deviation per d electron, A,. The panels compare pseudopotentials constructed using the TF0.2vW functional (left)
and the TFvW functional (right) for transition metals. Red circles represent GBRV pseudopotentials, green triangles PSL.

We also observe considerable variability in results for
group 3-5 transition metals, independent of the period. For
example, the PGBRYV pseudopotentials yield higher displace-
ments for Sc and Ti compared to PPSL, whereas for Y,
PPSL1.0 performs best, followed by PPSL0.2 and then the
PGBRV LPPs. While the exact reasons for this behavior re-
main unclear (we note that GBRV and PSL pseudize each of
Y, Sc, and Ti with the same number of valence electrons),
as noted before it likely relates to the different ., values
employed in these LPPs. For Y, GBRV uses r. = 2.2 ay,
while PSL uses roy = 1.8ap. This highlights the need for
a followup study focused on optimizing r, for these new
pseudopotentials. Although we have adopted ., values from
the original NLPPs, more suitable choices may exist.

B. Equation of state

From the previous analysis, we have chosen to further
investigate PGBRVO0.2 for a selected set of atoms such as
Cu, Ag, and Pd for which PGBRVO0.2 is expected to irp—
prove upon the local part of the GBRV PP (i.e., the v
mentioned before). We also present Mo for which we predict
the PGBRVO0.2 will not provide improved electronic structure
compared to the local part of the GBRV NLPP. The anal-
ysis involves computation of EOS parameters (equilibrium
volume, Vj; equilibrium energy, Ey; and bulk modulus, By)
for face-centered-cubic (FCC), body-centered-cubic (BCC),

and hexagonal-close-packed (HCP) phases. We compare the

PGBRVO0.2 results with the local part of the GBRV NLPP
and HQLPP. All calculations are carried out with TF0.2vW
and the nonlocal revHC KEDFs. The results are collected
in Tables I for Ag, II for Cu, III for Pd, and IV for Mo,
where we show the relative error of V and By and the energy
difference compared to the most stable phase of the presented
elements. The EOS parameters from KS (LDA) are compared
to experimental values in Table S9 showing that the KS-DFT
benchmark results are close to experimental ground truth for
lattice constants and within 30% for bulk moduli.

Generally, we notice that PGBRYV offers an improved de-
scription compared to the local part of GBRYV regardless of the
functional employed. In comparison to HQLPP, the PGBRV
LPPs generally perform better. For example, they provide
better V; and better By. This is true generally except perhaps
for Mo. We notice that for Mo the A, metric for pseudization
did not show any improvement compared to the local part of
GBRYV [see Fig. 2(a)].

Analyzing the specifics, we see that while the EOS param-
eter values for either TF0.2vW or revHC are not quantitative,
they recover important trends for the equilibrium volume
(even though it is generally underestimated by about 10%—
30%) as well as the bulk modulus. For the latter, we note
that approximate KEDFs generally struggle to produce qual-
itative bulk moduli. However, despite the large deviation,
we can discern a generally recovered trend. For example,
HCP By is systematically larger than the FCC or BCC
By. The energy ordering of the phases is also generally
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TABLE I. Percentage errors in the equation of state parameters for V;, and B, with respect to KS-DFT results, and energy difference against
the stable phase Ey of Ag. A dash indicates that the phase is found to be unbound.

Ag Functional PP Vo (%) Ey (eV/atom) By (%)
FCC KS GBRV 0.00 —4023.32 0.00
GBRV +43.0 —3719.80 —44.6
TF0.2vW PGBRV0.2 —20.1 —4546.42 —22.3
HQLPP +34.7 —4054.91 —50.4
GBRV +58.1 —3731.58 —56.8
revHC PGBRV0.2 —13.3 —4380.85 —12.2
HQLPP +22.6 —3998.92 —50.4
HCP KS GBRV 0.00 0.01 0.00
GBRV +35.8 0.14 —59.5
TF0.2vW PGBRVO0.2 —17.2 0.04 —30.1
HQLPP +33.9 0.01 —66.5
GBRV - - -
revHC PGBRV0.2 —14.1 0.01 —27.7
HQLPP +19.0 0.01 —35.8
BCC KS GBRV 0.00 0.04 0.00
GBRV +42.8 0.05 —45.7
TF0.2vW PGBRVO0.2 —20.7 0.04 —25.4
HQLPP +34.7 0.00 —49.3
GBRV - - _
revHC PGBRV0.2 —14.4 0.0 —10.1
HQLPP +34.5 —0.02 —55.8

recovered with FCC consistently predicted to be the most S6 we show a statistical summary of Tables S2-S5, where
stable phase. the mean absolute relative error (MARE) values obtained

Even though the results presented in Tables I-IV, as well ~ for V, and By using the original GBRV and PSL pseudopo-
as in Supplemental Material Tables S2—S5 [37], are not quan- tentials indicate high deviations between the OF-DFT and
titatively accurate, they are nonetheless reasonable. In Table KS-DFT results. In contrast, the new local pseudopotentials

TABLE II. Percentage errors in the equation of state parameters for V; and By with respect to KS-DFT results, and energy difference
against the stable phase Ej of Cu. A dash indicates that the phase is found to be unbound.

Cu Functional PP Vo (%) E, (eV/atom) By (%)
FCC KS GBRV 0.00 —5490.58 0.00
GBRV +81.0 —4613.32 —63.5
TFO0.2vW PGBRVO0.2 +11.5 —6947.80 —56.1
HQLPP +78.5 —5599.68 —73.5
GBRV +115.0 —4625.80 —66.7
revHC PGBRVO0.2 +27.2 6979.97 -75.7
HQLPP - - -
HCP KS GBRV 0.00 0.02 0.00
GBRV - - -
TF0.2vW PGBRVO0.2 +8.8 0.01 —-55.8
HQLPP +103.2 0.02 —94.4
GBRV - — -
revHC PGBRVO0.2 —8.3 —0.038 —-56.7
HQLPP +84.4 —5483.58 —-52.8
BCC KS GBRV 0.00 0.05 0.00
GBRV +81.3 0.02 —64.5
TF0.2vW PGBRVO0.2 +11.1 0.01 —55.9
HQLPP +116.3 0.00 —98.4
GBRV +144.0 0.07 —86.6
revHC PGBRVO0.2 +24.8 0.00 —73.7
HQLPP - - -
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TABLE III. Percentage errors in the equation of state parameters for V) and By with respect to KS-DFT results, and energy difference
against the stable phase E, of Pd. A dash indicates that the phase is found to be unbound.

Pd Functional PP Vo (%) E, (eV/atom) By (%)
FCC KS GBRV 0.00 —2704.79 0.00
GBRV +68.8 —2336.16 —69.7
TF0.2vW PGBRVO0.2 +14.5 —2929.42 —61.8
HQLPP +55.2 —3544.12 —-76.3
GBRV +51.6 —2343.41 —-51.3
revHC PGBRVO0.2 —-252 —2927.97 +7.9
HQLPP +31.5 —3488.77 -71.5
HCP KS GBRV 0.00 0.03 0.00
GBRV +58.8 0.20 —84.6
TF0.2vW PGBRVO0.2 +11.0 0.00 —-59.2
HQLPP +43.6 .01 —68.9
GBRV +45.2 0.061 —66.3
revHC PGBRVO0.2 —26.4 —0.006 —13.9
HQLPP - - -
BCC KS GBRV 0.00 0.05 0.00
GBRV +67.7 0.02 —67.3
TF0.2vW PGBRVO0.2 +14.1 0.02 —60.5
HQLPP +52.4 0.00 —-73.2
GBRV +47.8 —0.08 —43.6
revHC PGBRVO0.2 —26.6 0.00 +14.1
HQLPP +22.0 0.00 —60.9

(PGBRVO0.2 and PPSL0.2) significantly reduce the MARE for
Vo to 28%-37%, corresponding to a significant improvement
in accuracy relative to employing the local part of the KS-DFT
pseudopotentials. Although the By values remain less accu-
rate (MARE =~ 55%—60%), all materials are predicted to be

bound. These results are nontrivial for OF-DFT calculations
[51,52], and as previously noted, the OF-DFT calculations
employing the newly developed LPPs successfully capture
several trends observed in the KS-DFT EOS parameters. To
rationalize this outcome, we emphasize that the PGBRV0.2

TABLE IV. Percentage errors in the equation of state parameters for V, and By with respect to KS-DFT results, and energy difference
against the stable phase £y of Mo. A dash indicates that the phase is found to be unbound.

Mo Functional PP Vo (%) E, (eV/atom) By (%)
BCC KS GBRV 0.00 —1897.97 0.00
GBRV +22.3 —2140.32 —-72.4
TF0.2vW PGBRVO0.2 +38.1 —1990.97 —74.8
HQLPP +40.9 —1906.13 —-77.3
GBRV -32 —2145.08 —47.9
revHC PGBRVO0.2 +19.7 —1994.48 —62.2
HQLPP —11.3 —1863.92 —-9.8
FCC KS GBRV 0.00 0.43 0.00
GBRV +20.4 —0.02 —69.6
TF0.2vW PGBRVO0.2 +34.7 0.04 —74.5
HQLPP +38.4 0.00 —74.1
GBRV -23 0.11 —45.6
revHC PGBRVO0.2 +19.9 0.00 —-59.3
HQLPP —11.8 0.01 -5.7
HCP KS GBRV 0.00 0.44 0.00
GBRV +17.2 0.01 —69.6
TF0.2vW PGBRVO0.2 +30.0 0.04 —73.7
HQLPP +36.9 0.00 —78.2
GBRV —-1.5 0.02 —-56.4
revHC PGBRV0.2 +18.5 0.0 —65.7
HQLPP —12.1 0.0 —23.4
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FIG. 4. Phonon spectra of Cu, Ag, Au, and Pd calculated with OF-DFT using TF0.2vW with PGBRVO0.2 LPPs (black lines) and the local
part of the GBRV NLPPs (blue lines). Reference KS-DFT are also included (red line).

LPP is designed not only to partially recover effects associated
with the nonlocal component of the NLPP, but also, crucially,
to locally invert the KS density in regions near the ionic cores.
Consequently, using the PGBRV0.2 pseudopotentials yields
electron densities of substantially higher quality than would
be obtained using a generic, KEDF-agnostic LPP. A clear
demonstration of this point is provided by the performance
comparison with HQLPP pseudopotentials, which yield lower
accuracy than PGBRV0.2. A more detailed quantitative com-
parison between the performance of PGBRV(.2 and HQLPP
pseudopotentials is presented in Table S7, where statistical
metrics are reported for the FCC, BCC, and HCP phases of
Ag, Cu, Pd, and Mo using the TF0.2vW functional. When
switching to the revHC functional (Table S8), the PGBRV0.2
pseudopotentials retain a similar level of accuracy (MARE
~20%—40%), whereas the HQLPPs show noticeably larger
deviations. These results confirm that the new pseudopoten-
tials achieve improved consistency with respect to KS-DFT
and additionally that their improved performance over using
the local part of the KS-DFT PPs is retained across vari-
ous KEDFs. This discrepancy does not reflect a flaw in the
HQLPP pseudopotentials, as they were explicitly constructed
to best represent electron densities calculated with the exact
KEDFE.

C. Phonons

Figure 4 shows the phonon spectra for the noble metals
in their FCC phase (Cu, Ag, and Au) as well as Pd also in
the FCC phase calculated with TF0.2vW and two LPPs: the

local part of GBRV and PGBRVO0.2. The reference KS-DFT
with GBRV NLPP is also included. Despite noticing a general
underestimation, phonon dispersions produced by PGBRV0.2
are in good agreement with KS-DFT results and are seen to
improve dramatically on the results from using the LPP from
the local part of the GBRV NLPP.

From the previous sections we found that although Pd
is an element that does not reach high convergence in its
pseudization, we found PGBRVO0.2 still delivered physical
EOS parameters. For this reason, we show its phonon spec-
trum in the last panel of Fig. 4. We note that Pd phonons
computed with the PGBRVO0.2 LPP are once again much im-
proved compared to using the local part of the GBRV NLPP.
In the Supplemental Material [37] we show the phonon dis-
persion of Mo and Zr where the local part of GBRV produces
several imaginary frequencies, PGBRVO0.2 does not. Although
for these elements the comparison with KS-DFT is not as
clean as for the noble metals or Pd, the improved phonon
dispersion of PGBRVO0.2 vs local part of GBRYV is still quite
clear. These observations are consistent with our analysis of
the pseudization in Sec. V A, Zr is the worst performer.

D. Compatibility of KEDF and LPP combinations

To evaluate the compatibility and performance of the pro-
posed LPPs with several KEDF approximants, we examine
the electron density of isolated atoms between two classes of
KEDFs: semilocal (TFvW, TF0.2vW, LKT [53], revAPBEK
[9]) and nonlocal (LMGP and revHC) KEDFs in compari-
son with densities computed with either TF0.2vW or TFvW
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FIG. 5. Leftmost panel: enhancement factor F; (s) of several GGA functionals. Right two panels: electron density deviation An;s, against
TFO0.2vW and TFvW functionals for several GGA KEDF (LKT, revAPBEk, TFvW) and nonlocal functionals (revHC and LMGP).

employing the new LPPs (see Fig. 5). To better understand the
results for semilocal KEDFs, we consider the enhancement
factor F'(s) as a function of the reduced density gradient s(r).
Further details on the explicit forms of F(s) for the various
semilocal KEDFs (TFvW, TF0.2vW, LKT, and revAPBEK)
are provided in the Supplemental Material, Sec. II [37]. The
leftmost panel of Fig. 5 shows F'(s) where we notice that for
small values of s(r), where the electron density is usually large
LKT, revAPBEK, and TFvW have a noticeably higher F(s)
compared to TF0.2vW. The enhancement factor for TF0.2vW,
due the small vW prefactor of 0.2, displays a slower upward
behavior compared to the other functionals. Similarly for large
values of s(r), which correspond to diffuse or tail regions
of the density, the enhancement factor increases significantly
for TFvW and LKT while it remains low for TF0.2vW and
revAPBEK. The latter is due to its asymptotic behavior [9].
This analysis shows that LKT, revAPBEk and TFvW are
likely more compatible with densities form TFvW in conjunc-
tion with PGBRV1.0 and PPSL1.0 than with densities from
TF0.2vW in conjuction with PGBRVO0.2 and PPSL0.2.

The two histograms of Anjs, [defined in Eq. (18) but
applied to isolated atoms] in Fig. 5 clearly show that non-
local functionals yield densities closer to TF0.2vW (with
PGBRVO0.2) with an average deviation of 0.5¢. In contrast,

TABLE V. Relative density difference (against KS) for Pd;3. The
OF-DFT electron density is computed with the local part of the
GBRYV NLPP as well as with PGBRV0.2. Improvement (%) indicates
the percent improvement of the PGBRV LPP compared to the local
part of GBRV.

these functionals against TFvW (with PGBRV1.0) show an
average deviation of 1.4e. Semilocal functionals show an
opposite behavior deviating by 1.0e from TF0.2vW and a
meager 0.25e for TFvW.

Overall, these results emphasize the importance of internal
consistency between the chosen LPP and the KEDF, partic-
ularly when applying OF-DFT to systems characterized by
large density gradients or strong localization effects. This
compatibility issue between KEDF and LPP was seen as a
negative aspect by some [25]. However, in the context of this
work, we see that already the two functionals considered for
LPP construction, TFvW and TFO0.2vW, form an excellent
platform or “basis set” of KEDFs to be able to accommodate
an array of functionals. Should one require a functional-
specific LPP, the option to follow the LPP construction work-
flow presented here is always available and achievable using
the software provided in the Supplemental Material [37].

E. Clusters

In this section, we evaluate the performance of the new
PGBRVO0.2 LPPs in describing the electronic density of finite
systems. Specifically, we study Pd;3, Ag,,, and Pty clus-
ters with results summarized in Tables V-VII (for PPSL see
Supplemental Material Tables S6-S8 [37]). The electronic
density difference An is computed as in Eq. (18). From the
results, we observe that the electron density calculated with

TABLE VI. Relative density difference (against KS) for Ag,,.
Other details as in Table V.

System KEDF PP An/N,  Improvement (%) System KEDF PP An/N,  Improvement (%)
TRO.2vW PC?]IBBRIiX).Z 8:33411 » TRO.2vW PC%BR}iX).Z 8:(1)2 K
W PC%BRI%Q 8:?351; 26 W P(%BRI%.Z 8:(1)25 o7
P ves ony M T ves gow 7
revHC PC%BRSZ).Z 8:332 > revHC PC%BRSZ).Z (0):(1)4213 63
BRV 221 BRV .107
LMGP PGC]I3RVO.2 8.073 67 LMGP PGC]ISRVO.Z 8.0(8)4 22
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TABLE VII. Relative density difference (against KS) for Ptjg.
Other details as in Table V.

System KEDF PP An/N  Improvement (%)
TOIW porevor oosl 7
BRV 2
TEvW chaRvo.z 8.132 56
o KT vor ows O
©HC poaever oon 7
or 0

the PGBRVO0.2 LPPs is in generally good agreement with KS
electron density, showing an error of 10% or less.

The best performers are LMGP for Pdis; (7.3% devia-
tion), LKT for Ag,, (3.8% deviation), and TF0.2vW for
Ptjp (6.1% deviation). When averaging over all three clus-
ters, the TFO.2vW functional yields the smallest overall
electron density difference (An/N, = 0.059), thus represent-
ing the best overall performer in this set, followed closely
by revHC (0.064), LMGP (0.075), LKT (0.085), and lastly
TFEvW (0.105). The results also show that the electron density
is always improved (up to 79% improvement!) compared to
using the local part of the GBRV NLPP.

VI. CONCLUSIONS

In this study, we developed new sets of pseudopotentials
for OF-DFT calculations targeting transition metal elements.
Transition metals have historically been excluded from OF-
DFT applications due to the challenges of constructing
suitable local pseudopotentials. The core idea of this work
is to adapt existing KS-DFT pseudopotentials (specifically,
PSL and GBRV) by imposing that OF-DFT calculations
with approximate noninteracting kinetic energy functionals
reproduce, as closely as possible, the electron density from
KS-DFT calculations of the element’s most stable condensed
phase. This approach effectively performs a KS-to-OF inver-
sion near the ion cores. Our work opens the possibility to
investigate large-scale systems and nanostructures composed
of transition metals at low cost (linear scaling with low pref-
actor).

Our convergence analysis shows that GBRV-based pseu-
dopotentials generally outperform PSL pseudopotentials for

PGBRV0.2 PPSLO 2

/ﬁfn lH

FIG. 6. Recommendations for using the proposed pseudopoten-
tials. The color map illustrates the outcome of the pseudization
procedure. Solid colors represent elements for which the pseudopo-
tential yields accurate results; hatched areas indicate lower-quality
pseudization; and uncolored elements correspond to pseudopoten-
tials we consider inaccurate. These recommendations are based on
three sets of data: the electron density in the bulk system, the electron
density of the isolated atom, and equation of state parameters.

most transition metals. Figure 6 summarizes our recommen-
dations for each element: solid colors indicate successful
pseudization, while hatched areas denote intermediate accu-
racy (see figure caption for details).

We conclude with a note of caution: there are still major
challenges for applying OF-DFT methods to transition met-
als. While pseudopotentials are increasingly available (see,
e.g., Refs. [[19,20,29] and this work), the overall accuracy of
existing physics-based OF-DFT methods is still too low for
the widespread use of OF-DFT with these important elements.
However, the presented pseudopotentials take us a step closer
to making OF-DFT a practical tool for transition-metal sys-
tems, even if further advances in KEDFs are required to reach
chemical accuracy.

ACKNOWLEDGMENTS

We thank ICTP and ASESMA [54] for promoting collabo-
ration between the Pavanello group and E.O., WELE., S.J.O.,
and A.O. This work was supported by grants from the U.S.
National Science Foundation under Grants No. CHE-2154760
and No. OAC-2321103. The authors acknowledge the Office
of Advanced Research Computing (OARC) at Rutgers, The
State University of New Jersey, for providing access to the
Amarel cluster and associated research computing resources
that have contributed to the results reported here [55].

DATA AVAILABILITY

The data that support the findings of this article are openly
available [62], embargo periods may apply.

[1] W. Kohn and L. J. Sham, Self-consistent equations includ-
ing exchange and correlation effects, Phys. Rev. 140, A1133
(1965).

[2] J. P. Perdew, K. Burke, and M. Ernzerhof, Generalized gradient
approximation made simple, Phys. Rev. Lett. 77, 3865 (1996).

[3] K.-H. Liou, C. Yang, and J. R. Chelikowsky, Scalable imple-
mentation of polynomial filtering for density functional theory

calculation in parsec, Comput. Phys. Commun. 254, 107330
(2020).

[4] W. Dawson, A. Degomme, M. Stella, T. Nakajima, L. E.
Ratcliff, and L. Genovese, Density functional theory cal-
culations of large systems: Interplay between fragments,
observables, and computational complexity, WIREs Comput.
Mol. Sci. 12, e1574 (2022).

125124-12


https://doi.org/10.1103/PhysRev.140.A1133
https://doi.org/10.1103/PhysRevLett.77.3865
https://doi.org/10.1016/j.cpc.2020.107330
https://doi.org/10.1002/wcms.1574

PSEUDOPOTENTIALS FOR ORBITAL-FREE DFT: ...

PHYSICAL REVIEW B 113, 125124 (2026)

[5] T. Miyazaki, A. Nakata, and D. R. Bowler, Large-scale first-
principles technique for nanoarchitectonics:
Local orbital and linear-scaling DFT methods with the
CONQUEST code, in System-Materials Nanoarchitectonics,
edited by Y. Wakayama and K. Ariga, NIMS Monographs
(Springer, 2022), pp. 303-317.

[6] L. Xue, Q. Xu, C. Ma, W. Mi, Y. Wang, Y. Xie, and Y. Ma,
Accelerating ab initio real-space electronic structure calcula-
tions for low-dimensional materials using an atom-sphere grid
truncation method, Phys. Rev. B 110, 155157 (2024).

[71 W. Mi, K. Luo, S. Trickey, and M. Pavanello, Orbital-free den-
sity functional theory: An attractive electronic structure method
for large-scale first-principles simulations, Chem. Rev. 123,
12039 (2023).

[8] W. C. Witt, B. G. Del Rio, J. M. Dieterich, and E. A. Carter,
Orbital-free density functional theory for materials research,
J. Mater. Res. 33, 777 (2018).

[9] S. Laricchia, E. Fabiano, L. Constantin, and F. Della Sala, Gen-
eralized gradient approximations of the noninteracting kinetic
energy from the semiclassical atom theory: Rationalization of
the accuracy of the frozen density embedding theory for non-
bonded interactions, J. Chem. Theory Comput. 7, 2439 (2011).

[10] L. A. Constantin, E. Fabiano, S. Laricchia, and F. Della Sala,
Semiclassical neutral atom as a reference system in density
functional theory, Phys. Rev. Lett. 106, 186406 (2011).

[11] K. Luo, V. V. Karasiev, and S. B. Trickey, A simple generalized
gradient approximation for the noninteracting kinetic energy
density functional, Phys. Rev. B 98, 041111(R) (2018).

[12] C. Huang and E. A. Carter, Nonlocal orbital-free kinetic energy
density functional for semiconductors, Phys. Rev. B 81, 045206
(2010).

[13] X. Shao, W. Mi, and M. Pavanello, Revised huang-carter non-
local kinetic energy functional for semiconductors and their
surfaces, Phys. Rev. B 104, 045118 (2021).

[14] W. Mi and M. Pavanello, Orbital-free density functional theory
correctly models quantum dots when asymptotics, nonlocality,
and nonhomogeneity are accounted for, Phys. Rev. B 100,
041105(R) (2019).

[15] B. Wang and M. J. Stott, First-principles local pseudopotentials
for group-IV elements, Phys. Rev. B 68, 195102 (2003).

[16] S. Watson, B. Jesson, E. Carter, and P. Madden, Ab initio
pseudopotentials for orbital-free density functionals, Europhys.
Lett. 41, 37 (1998).

[17] F. Legrain and S. Manzhos, Highly accurate local pseudopoten-
tials of Li, Na, and Mg for orbital free density functional theory,
Chem. Phys. Lett. 622, 99 (2015).

[18] J.-D. Chai and J. D. Weeks, Orbital-free density functional
theory: Kinetic potentials and ab initio local pseudopotentials,
Phys. Rev. B 75, 205122 (2007).

[19] Y.-C. Chi and C. Huang, High-quality local pseudopotentials
for metals, J. Chem. Theory Comput. 20, 3231 (2024).

[20] W. Mi, S. Zhang, Y. Wang, Y. Ma, and M. Miao, First-principle
optimal local pseudopotentials construction via optimized ef-
fective potential method, J. Chem. Phys. 144, 134108 (2016).

[21] Y. Ke, F. Libisch, J. Xia, L.-W. Wang, and E. A. Carter,
Angular-momentum-dependent orbital-free density functional
theory, Phys. Rev. Lett. 111, 066402 (2013).

[22] K. F. Garrity, J. W. Bennett, K. M. Rabe, and D.
Vanderbilt, Pseudopotentials for high-throughput DFT calcula-
tions, Comput. Mater. Sci. 81, 446 (2014).

calculation

[23] D. R. Hamann, M. Schliiter, and C. Chiang, Norm-conserving
pseudopotentials, Phys. Rev. Lett. 43, 1494 (1979).

[24] C. Huang and E. A. Carter, Transferable local pseudopotentials
for magnesium, aluminum and silicon, Phys. Chem. Chem.
Phys. 10, 7109 (2008).

[25] B. Zhou, Y. A. Wang, and E. A. Carter, Transferable lo-
cal pseudopotentials derived via inversion of the Kohn-Sham
equations in a bulk environment, Phys. Rev. B 69, 125109
(2004).

[26] B. G. Del Rio, J. M. Dieterich, and E. A. Carter, Globally-
optimized local pseudopotentials for (orbital-free) density
functional theory simulations of liquids and solids, J. Chem.
Theory Comput. 13, 3684 (2017).

[27] T. Starkloff and J. D. Joannopoulos, Local pseudopoten-
tial theory for transition metals, Phys. Rev. B 16, 5212
1977).

[28] C. Huang and E. A. Carter, Toward an orbital-free den-
sity functional theory of transition metals based on an
electron density decomposition, Phys. Rev. B 85, 045126
(2012).

[29] Q. Xu, C. Ma, W. Mi, Y. Wang, and Y. Ma, Nonlocal pseu-
dopotential energy density functional for orbital-free density
functional theory, Nat. Commun. 13, 1385 (2022).

[30] D. Chakraborty, R. Cuevas-Saavedra, and P. W. Ayers, Two-
point weighted density approximations for the kinetic energy
density functional, Theor. Chem. Acc. 136, 113 (2017).

[31] T. L. Gilbert, Hohenberg-Kohn theorem for nonlocal external
potentials, Phys. Rev. B 12, 2111 (1975).

[32] L. Kleinman and D. M. Bylander, Efficacious form for model
pseudopotentials, Phys. Rev. Lett. 48, 1425 (1982).

[33] A. Gorling, Orbital-and state-dependent functionals in density-
functional theory, J. Chem. Phys. 123, 62203 (2005).

[34] W. Yang and Q. Wu, Direct method for optimized effective po-
tentials in density-functional theory, Phys. Rev. Lett. 89, 143002
(2002).

[35] C. R. Jacob, Unambiguous optimization of effective potentials
in finite basis sets, J. Chem. Phys. 135, 244102 (2011).

[36] D. S. Jensen and A. Wasserman, Numerical methods for the
inverse problem of density functional theory, Int. J. Quantum
Chem. 118, 25425 (2018).

[37] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/b9fg-k8tm for analysis of the long-range behavior of
local pseudopotentials, explicit forms of enhancement factors
for semilocal KEDFs (TFvW, LKT, and revAPBEK), additional
statistical summaries and experimental comparisons for EOS
parameters of transition metals, electron density difference plots
for clusters (Pd;3, Ag,,, Ptio), and phonon spectra for Mo and
Zr, which includes Refs. [9,11,56-61].

[38] Z. A. Moldabekov, X. Shao, M. Pavanello, J. Vorberger, and
T. Dornheim, Nonlocal vs local pseudopotentials affect kinetic
energy kernels in orbital-free DFT, Electron. Struct. 7, 015006
(2025).

[39] X. Shao, O. Andreussi, D. Ceresoli, M. Truscott, A. Baczewski,
Q. Campbell, and M. Pavanello, QEpy: Quantum ESPRESSO
in Python, https://github.com/Quantum-MultiScale/QEpy.

[40] P. Giannozzi, S. Baroni, N. Bonini, M. Calandra, R. Car, C.
Cavazzoni, D. Ceresoli, G. L. Chiarotti, M. Cococcioni, I. Dabo,
et al., Quantum ESPRESSO: A modular and open-source soft-
ware project for quantum simulations of materials, J. Phys.:
Condens. Matter 21, 395502 (2009).

125124-13


https://doi.org/10.1007/978-4-431-56912-1_18
https://doi.org/10.1103/PhysRevB.110.155157
https://doi.org/10.1021/acs.chemrev.2c00758
https://doi.org/10.1557/jmr.2017.462
https://doi.org/10.1021/ct200382w
https://doi.org/10.1103/PhysRevLett.106.186406
https://doi.org/10.1103/PhysRevB.98.041111
https://doi.org/10.1103/PhysRevB.81.045206
https://doi.org/10.1103/PhysRevB.104.045118
https://doi.org/10.1103/PhysRevB.100.041105
https://doi.org/10.1103/PhysRevB.68.195102
https://doi.org/10.1209/epl/i1998-00112-5
https://doi.org/10.1016/j.cplett.2015.01.016
https://doi.org/10.1103/PhysRevB.75.205122
https://doi.org/10.1021/acs.jctc.4c00101
https://doi.org/10.1063/1.4944989
https://doi.org/10.1103/PhysRevLett.111.066402
https://doi.org/10.1016/j.commatsci.2013.08.053
https://doi.org/10.1103/PhysRevLett.43.1494
https://doi.org/10.1039/b810407g
https://doi.org/10.1103/PhysRevB.69.125109
https://doi.org/10.1021/acs.jctc.7b00565
https://doi.org/10.1103/PhysRevB.16.5212
https://doi.org/10.1103/PhysRevB.85.045126
https://doi.org/10.1038/s41467-022-29002-3
https://doi.org/10.1007/s00214-017-2149-0
https://doi.org/10.1103/PhysRevB.12.2111
https://doi.org/10.1103/PhysRevLett.48.1425
https://doi.org/10.1063/1.1904583
https://doi.org/10.1103/PhysRevLett.89.143002
https://doi.org/10.1063/1.3670414
https://doi.org/10.1002/qua.25425
http://link.aps.org/supplemental/10.1103/b9fg-k8tm
https://doi.org/10.1088/2516-1075/adbf5a
https://github.com/Quantum-MultiScale/QEpy
https://doi.org/10.1088/0953-8984/21/39/395502

VALERIA RIOS-VARGAS et al.

PHYSICAL REVIEW B 113, 125124 (2026)

[41] H. J. Monkhorst and J. D. Pack, Special points for Brillouin-
zone integrations, Phys. Rev. B 13, 5188 (1976).

[42] A. Dal Corso, Pseudopotentials periodic table: From H to Pu,
Comput. Mater. Sci. 95, 337 (2014).

[43] X. Shao, K. Jiang, W. Mi, A. Genova, and M. Pavanello, Dftpy:
An efficient and object-oriented platform for orbital-free DFT
simulations, WIREs Comput. Mol. Sci. 11, 1482 (2021).

[44] J. P. Perdew and A. Zunger, Self-interaction correction to
density-functional approximations for many-electron systems,
Phys. Rev. B 23, 5048 (1981).

[45] C. L. Fu and K. M. Ho, First-principles calculation of the
equilibrium ground-state properties of transition metals: Appli-
cations to Nb and Mo, Phys. Rev. B 28, 5480 (1983).

[46] Q. Xu, Y. Wang, and Y. Ma, Nonlocal kinetic energy density
functional via line integrals and its application to orbital-free
density functional theory, Phys. Rev. B 100, 205132 (2019).

[47] X. Gonze, First-principles responses of solids to atomic dis-
placements and homogeneous electric fields: Implementation of
a conjugate-gradient algorithm, Phys. Rev. B 55, 10337 (1997).

[48] S. Baroni, S. De Gironcoli, A. Dal Corso, and P. Giannozzi,
Phonons and related crystal properties from density-functional
perturbation theory, Rev. Mod. Phys. 73, 515 (2001).

[49] X. Shao, W. Mi, and M. Pavanello, Efficient DFT solver for
nanoscale simulations and beyond, J. Phys. Chem. Lett. 12,
4134 (2021).

[50] L. Fiedler, Z. A. Moldabekov, X. Shao, K. Jiang, T. Dornheim,
M. Pavanello, and A. Cangi, Accelerating equilibration in
first-principles molecular dynamics with orbital-free density
functional theory, Phys. Rev. Res. 4, 043033 (2022).

[51] V. Rios-Vargas, X. Shao, S. B. Trickey, and M. Pavanello,
Effective wang-teter kernels for improved orbital-free den-
sity functional theory simulations, Phys. Rev. B 110, 085129
(2024).

[52] W. C. Witt, B. W. Shires, C. W. Tan, W. J. Jankowski, and C. J.
Pickard, Random structure searching with orbital-free density
functional theory, J. Phys. Chem. A 125, 1650 (2021).

[53] K. Luo, V. V. Karasiev, and S. B. Trickey, Towards accurate
orbital-free simulations: A generalized gradient approximation
for the noninteracting free energy density functional, Phys. Rev.
B 101, 075116 (2020).

[54] https://www.asesma.org.

[55] https://it.rutgers.edu/oarc.

[56] B. T. Thole, Molecular polarizabilities calculated with a modi-
fied dipole interaction, Chem. Phys. 59, 341 (1981).

[57] J. Hermann, Jr., R. A. DiStasio, Jr., and A. Tkatchenko, First-
principles models for van der waals interactions in molecules
and materials: Concepts, theory, and applications, Chem. Rev.
117, 4714 (2017).

[58] J. FE. Dobson and B. P. Dinte, Constraint satisfaction in local
and gradient susceptibility approximations: Application to a
van der waals density functional, Phys. Rev. Lett. 76, 1780
(1996).

[59] C. Kittel, Introduction to Solid State Physics, 8th ed. (Wiley,
Hoboken, NJ, 2005).

[60] Y. S. Touloukian, R. K. Kirby, R. E. Taylor, and P. D.
Desai, Thermophysical Properties of Matter, Vol. 1: Thermal
Expansion—Metallic Elements and Alloys (IFI/Plenum, New
York, 1975).

[61] J. R. Rumble, CRC Handbook of Chemistry and Physics, 104th
ed. (CRC Press, Boca Raton, FL, 2023).

[62] V. Rios-Vargas et al. (2026), Python codes to generate the LPPs
as well as for testing them on EOSs are available on Zenodo at
https://doi.org/10.5281/zenodo.16613069. An interactive table
with all the currently available LPPs for OF-DFT (including the
ones developed in this work) are available at the url: https://
dftpy.rutgers.edu/LPP.html.

125124-14


https://doi.org/10.1103/PhysRevB.13.5188
https://doi.org/10.1016/j.commatsci.2014.07.043
https://doi.org/10.1002/wcms.1482
https://doi.org/10.1103/PhysRevB.23.5048
https://doi.org/10.1103/PhysRevB.28.5480
https://doi.org/10.1103/PhysRevB.100.205132
https://doi.org/10.1103/PhysRevB.55.10337
https://doi.org/10.1103/RevModPhys.73.515
https://doi.org/10.1021/acs.jpclett.1c00716
https://doi.org/10.1103/PhysRevResearch.4.043033
https://doi.org/10.1103/PhysRevB.110.085129
https://doi.org/10.1021/acs.jpca.0c11030
https://doi.org/10.1103/PhysRevB.101.075116
https://www.asesma.org
https://it.rutgers.edu/oarc
https://doi.org/10.1016/0301-0104(81)85176-2
https://doi.org/10.1021/acs.chemrev.6b00446
https://doi.org/10.1103/PhysRevLett.76.1780
https://doi.org/10.5281/zenodo.16613069
https://dftpy.rutgers.edu/LPP.html

