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ABSTRACT
Understanding the properties of warm dense hydrogen is of key importance for the modeling of compact astrophysical objects and to
understand and further optimize inertial confinement fusion applications. The workhorse of warm dense matter theory is thermal density
functional theory (DFT), which, however, suffers from two limitations: (i) its accuracy can depend on the utilized exchange–correlation
functional, which has to be approximated, and (ii) it is generally limited to single-electron properties such as the density distribu-
tion. Here, we present a new ansatz combining time-dependent DFT results for the dynamic structure factor See(q, ω) with static DFT
results for the density response. This allows us to estimate the electron–electron static structure factor See(q) of warm dense hydro-
gen with high accuracy over a broad range of densities and temperatures. In addition to its value for the study of warm dense matter,
our work opens up new avenues for the future study of electronic correlations exclusively within the framework of DFT for a host of
applications.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0297301

I. INTRODUCTION

Over the last decade, there has been a surge of interest in
the properties of matter at extreme densities (Wigner–Seitz radius
rs = d/aB ∼ 1), temperatures (Θ = kBT/EF ∼ 1, with EF the electronic
Fermi temperature1) and pressures (P ∼ 1–104 MBar).2 Such warm
dense matter (WDM) conditions abound in a variety of com-
pact astrophysical objects,3–5 such as giant planet interiors.6,7 The
high-pressure, moderate-temperature regime is of great interest for
materials synthesis and discovery, with the demonstration of the
laser-driven formation of nanodiamonds by Kraus et al.8,9 being
a case in point. A particularly intriguing technological application

is given by inertial confinement fusion (ICF),10,11 where both the
hydrogen fusion fuel and the ablator material have to traverse the
WDM regime in a controlled way.12 Indeed, there have been a num-
ber of very recent spectacular experimental achievements,13–15 but
the systematic optimization of fusion yields that is required to make
ICF an economical source of clean energy16 will require integrated
modeling with real predictive capability.

From a theoretical perspective, WDM is characterized by the
complex interplay of effects such as Coulomb coupling, quantum
degeneracy, thermal excitation, and partial ionization,3,17,18 which
have to be taken into account holistically; this is a formidable chal-
lenge even for state-of-the-art computational methods. Thermal
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density functional theory (DFT)19 has emerged as the workhorse
of modern WDM theory, but it has two main limitations: (i) its
accuracy depends decisively on the electronic exchange–correlation
(XC) functional, which has to be approximated and supplied as
an external input; (ii) it is by construction, limited to single-
electron observables such as the density distribution ne(r). There
is a broad consensus in the community on the importance of (i),
which has resulted in a number of new XC functionals that take
into account temperature effects20–25 and in first attempts at bench-
marking different functionals under WDM conditions.26–31 Here, we
address point (ii) by introducing a new ansatz combining linear-
response time-dependent DFT (TDDFT) results for the (inelastic)
electronic dynamic structure factor See(q, ω)32 with the static lin-
ear density response χee(q) computed from the direct perturbation
method.28,31,33–35 This allows us to estimate the electron–electron
static structure factor See(q), i.e., the Fourier transform of the pair
correlation function gee(r), without the need for any external input
in addition to the usual XC functional. As a practical example,
we consider warm dense hydrogen, which is of key importance
for astrophysics and ICF applications alike,18 and find excellent
agreement with highly accurate path integral Monte Carlo (PIMC)
reference data36–38 where they are available. In addition, we present
new results for lower temperatures, where PIMC simulations break
down owing to the well-known fermion sign problem.39,40

We expect our work to be of considerable interest for a gamut of
future applications. First and foremost, we open up the way to study
electronic correlations consistently within DFT on a true ab initio
level. This is directly relevant to the interpretation of experiments
with WDM where See(q) is probed both with X-ray diffraction and
X-ray Thomson scattering diagnostics.34,41–44 In addition, our work
might give new insights into the construction of advanced XC func-
tionals based on combination of the adiabatic connection formula
with the fluctuation–dissipation theorem.45,46 Finally, our setup has
great potential to benchmark and constrain dynamic XC kernels47–50

and to guide novel developments in the field of TDDFT.

II. RESULTS
It has become a common practice to consider the imaginary-

time correlation function (ITCF)34,51–56

Fee(q, τ) = ∫
∞

−∞

dω See(q, ω)e−τ̵hω, (1)

which is given by the two-sided Laplace transform of the dynamic
structure factor See(q, ω); the sought after static structure factor is
given by See(q) = Fee(q, 0). Next, we decompose the full dynamic
structure factor into an elastic and inelastic part,

See(q, ω) =WR(q)δ(ω)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Sel(q,ω)

+ Sinel(q, ω), (2)

with WR(q) being the Rayleigh weight57,58 characterizing the elec-
tronic localization around the nuclei; note that Eq. (2) exclusively
relies on the higher mass of the nuclei compared with that of the
electrons and does not presuppose an additional decomposition into
bound and free electrons.59,60 The Rayleigh weight constitutes a stan-
dard observable in DFT molecular dynamics calculations,57,58 and
Sinel(q, ω) is computed within the framework of linear-response

TDDFT using the efficient Liouville–Lanczos method32 with the
PBE XC functional61 and the corresponding adiabatic XC kernel; see
the supplementary material for additional details.

Evaluating Eq. (1) for τ = 0 gives us the direct TDDFT results
for See(q), which are shown as the red circles in Fig. 1 for solid-
density hydrogen (ρ = 0.08 g/cm3) at the electronic Fermi temper-
ature of T = 4.8 eV. These conditions can be realized in experiments
with hydrogen jets62,63 and are also important for the initial phase
of ICF experiments with cryogenic fuel.13 In addition, an ionization
degree of Z ∼ 0.5 has been reported in the literature,38,64,65 making
these conditions particularly interesting. The black crosses in Fig. 1
depict exact PIMC reference data,36,37 which provide an unassailable
baseline for other theories. For completeness, we have also included
corresponding results for a uniform electron gas (UEG)66,67 under
the same conditions (solid black curve). For q ≲ 3qF, the UEG static
structure factor exhibits a sharp drop due to the perfect screening
in the one-component plasma;68 by contrast, the PIMC results for
hydrogen attain a finite value in the limit of q→ 0, in accordance
with the compressibility sum rule.57

Let us next consider the red circles and plusses in Fig. 1, which
show direct TDDFT results for N = 32 and 14 hydrogen atoms,
respectively. We find no systematic finite-size effects, which is a
general feature of q-resolved properties69–73 under these conditions.
Overall, the direct TDDFT results capture the correct qualitative
trend of See(q) for q ≲ 3qF, which is shaped by the electronic local-
ization around the ions. At the same time, we find significant
deviations over the entire range of wavenumbers (deviations with
respect to PIMC are shown in the inset of Fig. 1), which are compa-
rable in magnitude to a simpler chemical Chihara model;38 see the
dashed blue curve.

FIG. 1. Electronic static structure factor See(q) of hydrogen at ρ = 0.08 g/cm3

(rs = 3.23) and T = 4.8 eV (Θ = 1) for N = 32 (circles) and N = 14 (plusses)
atoms. Black crosses, quasi-exact PIMC reference data;37 red symbols, direct
TDDFT; blue symbols, TDDFT + χA-correction [Eq. (4)]; yellow symbols, TDDFT
+ χA(q) and Δχl [Eq. (6)] corrections; dashed blue curve, chemical model38 (see
supplementary material). The inset shows the relative deviation of TDDFT datasets
with respect to PIMC.
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To understand the origin of the limited accuracy of the direct
TDDFT results, we follow Ref. 32 and transform our TDDFT
results for Sinel(q, ω) to the τ domain via Eq. (1). A corresponding
comparison against exact PIMC reference data36–38 for Finel(q, τ)
= Fee(q, τ) −WR(q) and Fel(q, τ) =WR(q) is shown in Fig. 2(a) for
q = 1.89 Å−1. While PIMC and DFT results for the latter are basi-
cally indistinguishable, we find excellent agreement over the entire τ
range for Finel(q, τ), except for a constant shift; this must be con-
nected with the ω→ 0 limit of Sinel(q, ω),38,51 since any effect at
finite ω would affect the τ dependence of F(q, τ). The correspond-
ing TDDFT results for Sinel(q, ω) are shown in Fig. 2(b). The inset
shows a magnified segment around the ω→ 0 limit, which exhibits
an unexpected drop for ω ≲ 1 eV. This reflects the absence of a
continuum (or quasi-continuum) portion of the spectra that con-
tributes to thermal transitions with small energy differences, since
TDDFT modeling has computational limitations in this regard (see
the supplementary material).

To correct for this deficiency, we consider the imaginary-time
version of the fluctuation–dissipation theorem,51 which connects the
area under the ITCF with the linear density response to an external
harmonic perturbation,

χinel(q) = −ne∫

β

0
dτ Finel(q, τ). (3)

Clearly, accurate knowledge of Eq. (3) would be sufficient to cor-
rect for the constant shift observed in Fig. 2. Indeed, there is strong
empirical evidence that equilibrium DFT simulations using the

FIG. 2. (a) Inelastic ITCF F inel(q, τ) (top curves) and elastic ITCF Fel(q, τ)
= WR(q) (horizontal lines) computed from PIMC (dashed black), direct TDDFT
(solid red), and TDDFT + χA correction [Eq. (4)] (solid blue) for T = 4.8 eV,
ρ = 0.08 g/cm3, and q = 1.892 Å−1. (b) Corresponding dynamic structure factor
Sinel(q, ω), with the inset showing a magnified segment around ω→ 0.

direct perturbation approach,31,33 i.e., applying an external pertur-
bation of wavenumber q and amplitude A [cf. Figs. 3(b) and 3(c)], is
capable of reproducing PIMC reference data to a remarkable degree.
In Fig. 3, we show χinel(q) and confirm the expected trends: the
direct TDDFT results (red symbols) systematically deviate from the
PIMC reference results (black crosses); by contrast, the direct per-
turbation results [χA(q), blue symbols] are in excellent agreement
with PIMC for all wavenumbers. It is straightforward to estimate a
corresponding correction term for both See(q) and the full ITCF:

ΔF(q) ≡ ΔSee(q) = −
kBT
ne
[χA(q) − χTDDFT

inel (q)], (4)

which follows from the static limit of the Fourier–Matsubara series
expansion;74 see the supplementary material for additional details.
The full electron–electron static structure factor is then given by

See(q) =WR(q) + STDDFT
inel (q) + ΔSee(q), (5)

combining the Rayleigh weight from DFT molecular dynamics, the
integral over the inelastic dynamic structure factor from TDDFT,
and the correction from a set of harmonically perturbed static DFT
calculations. Analogous expressions can be derived, for example, for
the full ITCF Fee(q, τ) and for the full static linear density response
function χee(q), see the blue curve in Fig. 2(a). Evaluating Eq. (5)
leads to the blue circles in Fig. 1. They are in very good agree-
ment with the PIMC results for q ≲ 3qF, but start to disagree at
around three times the Fermi wavenumber. This is a direct conse-
quence of the inconsistent combination of an adiabatic (i.e., static)
XC kernel with the dynamic Kohn–Sham response function within
linear-response TDDFT.67 The correction in Eq. (4), utilizing the
static density response, does not correct the inaccuracies due to the
use of an adiabatic (static) XC kernel in the TDDFT calculations.
While these inaccuracies are relatively mild for the DSF at a given
individual wavenumber, the spurious increase in See(q) for large q
accumulates for integrated properties such as the interaction energy.

FIG. 3. (a) Static electron density response function χinel(q) [Eq. (3)] of hydrogen
at ρ = 0.08 g/cm3 and T = 4.8 eV. Black crosses, quasi-exact PIMC reference
data;36,37 red symbols, direct TDDFT; blue symbols, direct perturbation approach,
χA(q). (b) and (c) Electronic isosurfaces of the perturbed and unperturbed
systems; see the supplementary material for details.
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The underlying inconsistency has been investigated recently in detail
for the UEG model by Dornheim et al.49 in terms of the dynamic
Matsubara density response function χ̃(q, zl), where zl = i2πkBTl are
the discrete bosonic imaginary Matsubara frequencies. To eliminate
the effect of the static approximation in the XC kernel, we introduce
a second correction using the Fourier–Matsubara expansion of the
static structure factor. The familiar Fourier–Matsubara expansion
for See(q) immediately leads to the first-order correction

Δχl(q) = −
2kBT

n
{
∞

∑
l=1
[̃χRPA(q, zl) − χ̃inel(q, zl)]}, (6)

which removes the effects of the XC kernel from the dynamic density
response except for the static limit of χ̃inel(q, 0) = χinel(q). Adding
Δχl(q) to Eq. (5) leads to our final result for the electron static
structure factor,

See(q) =WR(q) + STDDFT
inel (q) + ΔSee(q) + Δχl(q). (7)

The corresponding results are shown as the yellow symbols in Fig. 1
and are in striking agreement with the PIMC baseline over the entire
range of wavenumbers. We stress that Eq. (7) does not require any
external input apart from the usual electronic XC functional, as we
explain in more detail in the supplementary material.

To demonstrate the versatility of our approach, we next inves-
tigate See(q) at a substantially higher density of ρ = 0.33 g/cm3

over a broad range of temperatures in Fig. 4. The colored symbols
show our fully corrected TDDFT results, i.e., Eq. (7). At the elec-
tronic Fermi temperature of T = 12.5 eV, we again find excellent
agreement with quasi-exact PIMC reference data37 (black crosses)
without the need for any empirical parameters. For lower tempera-
tures, PIMC becomes unavailable because of the notorious fermion
sign problem.39,40 Overall, we again find an increase of See(q) of
hydrogen compared with the UEG model (solid curves) for q ≲ 3qF
due to electronic localization around the ions. Interestingly, our

FIG. 4. Electron static structure factor See(q) of hydrogen at ρ = 0.33 g/cm3

(rs = 2) and T = 12.5 eV (Θ = 1, red), T = 6.27 eV (Θ = 0.5, yellow), and
T = 3.13 eV (Θ = 0.25, blue). Symbols show fully corrected TDDFT data [Eq. (7)],
and the curves have been computed on the basis of a chemical model;38 see
the supplementary material for details. The black crosses show quasi-exact PIMC
reference data37 for Θ = 1.

TDDFT results for See(q) increase with decreasing temperature for
intermediate wavenumber, owing to increasing electronic localiza-
tion, whereas we find the opposite trend for the UEG. In addition,
we compare our new results with those of a Chihara model (dashed
lines), which, however, drastically overestimates the effect of local-
ization for all temperatures. Taken together, Figs. 1 and 4 thus also
clearly highlight the importance of ab initio simulations for the
description of WDM in general, and for the interpretation of X-ray
scattering experiments41,42,58 in particular.

III. DISCUSSION
In this work, we have introduced a new framework for the

computation of the electron static structure factor See(q) from ther-
mal DFT simulations. This has been achieved by combining the
Rayleigh weight WR(q), the static linear density density response
χinel(q) from a harmonically perturbed equilibrium calculation, and
the frequency dependence from the dynamic Kohn–Sham response
function. In addition, we remove the spurious effect of an adia-
batic XC kernel on See(q) with a dynamic Matsubara correction,
Eq. (6). The DFT results thus computed for See(q) are in excel-
lent agreement with quasi-exact PIMC reference data, where they
are available, without the need for any free empirical parameters.
In addition, we have presented DFT results for hydrogen at signifi-
cantly lower temperatures, where PIMC is unavailable because of the
sign problem.

We are convinced that our work opens up a variety of avenues
for important future research across various fields. First and fore-
most, we stress that the present investigation of warm dense hydro-
gen is important in its own right. For example, we have unam-
biguously demonstrated the substantial and systematic deficiency
of ubiquitous chemical models, which constitute a widely used
method for the interpretation of X-ray scattering experiments with
WDM,75–78 for different densities and temperatures.

The results presented here were computed using the PBE XC
functional. Generally, the methodology described can be applied in
conjunction with any other XC functional. Depending on the type
of material and the thermodynamic conditions, it may be necessary
to use higher-rank XC functionals. Therefore, the limitations of the
present method are defined by the ability of the chosen XC func-
tional to describe both electronic and atomic structures accurately.
For instance, describing dense hydrogen in regions where molecu-
lar formations are predominant is expected to be more challenging
than the case considered here, which involves a significant degree of
ionization.

Beyond hydrogen, we note that See(q) constitutes an observ-
able in both X-ray diffraction and X-ray Thomson scattering
experiments;41–43 our new DFT setup will thus be useful to predict
the outcome of future experiments and to facilitate the interpre-
tation of existing measurements.42,44,58 Indeed, a key advantage of
DFT over the potentially more accurate but computationally more
expensive PIMC approach is that it is available for a host of heav-
ier elements and composite materials, and over a broad range of
densities and temperatures.

Finally, we highlight the new opportunities for further method-
ological developments. For example, accurate DFT results for See(q)
can be used to separately estimate the interaction energy W and, in
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this way, to split the total energy into its potential and kinetic contri-
butions. In addition, See(q) and W constitute important ingredients
for the construction of advanced XC functionals based on the adi-
abatic connection formula.79 Finally, it will be straightforward to
combine the present approach with existing and upcoming dynamic
XC kernels both in the real-frequency and imaginary Matsubara
frequency domains.

SUPPLEMENTARY MATERIAL

Details of the simulation methods and parameters used are
provided in the supplementary material.
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